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✭✐✐✮ ✐t ❛❧❧♦✇s t♦ ❝❛♣t✉r❡ t❤❡ t✇♦ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡
✐♥❞✉str✐❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ t❤❛t ❛ ❣♦♦❞ ✐♥❞❡① ❤❛s t♦
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❛t ✐s t❤❡ ❞✐♠❡♥s✐♦♥❛❧ ✐♥❡q✉❛❧✲
✐t② ❛❝r♦ss ✜r♠s ✐♥ t❤❡ ♦❜s❡r✈❡❞ ♠❛r❦❡t ❛♥❞ t❤❡✐r
♥✉♠❜❡r✳
❍❡r❡ ✇❡ ✇❛♥t t♦ ✐s♦❧❛t❡ ❛♥❞ q✉❛♥t✐❢② t❤❡s❡ t✇♦ ❡s✲
s❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts✳
❆ ♠❡tr✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥
❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ t♦ ♠❡❛s✉r❡ t❤❡ ❞❡❣r❡❡ ♦❢ ❝♦♥❝❡♥tr❛✲
t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡ ✈❛r✐❛❜❧❡ ❳ ❞✐str✐❜✉t❡❞ ♦✈❡r ♥ ✉♥✐ts
❛❝❝♦r❞✐♥❣ t♦ xi✱ i = 1, 2, ..., n✳ ❚♦ s♣❡❛❦ ❝♦♥❝r❡t❡❧②✱ ✇❡
❝❛♥ t❤✐♥❦✱ ❢♦r ❡①❛♠♣❧❡✱ ♦❢ n ✜r♠s ♦❢ ❛♥ ✐♥❞✉str② ❛♥❞
t❤❡✐r r❡s♣❡❝t✐✈❡ s❛❧❡s r❡❝♦r❞❡❞ ✐♥ ❛ ❝❡rt❛✐♥ ♣❡r✐♦❞✳
❙♦ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ Rn+✲✈❡❝t♦r✿
① = (x1, x2, . . . , xn)
t♦❣❡t❤❡r ✇✐t❤ t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r ❤❛✈✐♥❣ ❛❧❧ t❤❡






①̄ = (x̄, x̄, . . . , x̄)
✇✐t❤ ❛ ❝❧❡❛r ♠❡❛♥✐♥❣ ♦❢ ❜♦t❤ ♦❢ t❤❡♠✿ ① ✐s t❤❡ ♣♦✐♥t ♦❢
t❤❡ s♣❛❝❡ Rn+ ❛❝t✉❛❧❧② ✭❡♠♣✐r✐❝❛❧❧②✮ ♦❜s❡r✈❡❞✱ ✇❤❡r❡❛s ①̄
✐s t❤❡ ✐❞❡❛❧ ♣♦✐♥t r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡q✉✐❞✐str✐❜✉t✐♦♥ st❛t❡
♦❢ t❤❡ ✈❛r✐❛❜❧❡ X ❛❝r♦ss t❤❡ ✉♥✐ts ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥
✭✐♥ ♦✉r ❡①❛♠♣❧❡✱ t❤❡ ✜r♠s ♦❢ ❛♥ ✐♥❞✉str②✮✳ ❚❤❡r❡❢♦r❡
♦♥❡ ♦❢ t❤❡ ♠♦st ♥❛t✉r❛❧ ✇❛② t♦ ❞❡✜♥❡ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥
♦❢ X ✐s t♦ ❞❡t❡r♠✐♥❡ ❤♦✇ ❝❧♦s❡ t♦ ♦r ❤♦✇ ❢❛r ❢r♦♠ ①̄
t❤❡ ❛❝t✉❛❧ ♣♦✐♥t ① ✐s✳ ❋♦r t❤✐s ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ✭❊✉✲





















❙✉❝❤ ❛ ♠❡❛s✉r❡ ❝❛♥ ❜❡ ♥♦r♠❛❧✐③❡❞ t❛❦✐♥❣ t❤❡ r❛✲
t✐♦ t♦ t❤❡ ❣r❡❛t❡st ✈✐rt✉❛❧❧② ♦❜s❡r✈❛❜❧❡ ❞✐st❛♥❝❡ ✐♥ t❤❡
♠❡♥t✐♦♥❡❞ s♣❛❝❡ ♦❢ t❤❡ Rn+✲✈❡❝t♦rs✱ ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r
❛❝t✉❛❧ ❞❛t❛ s❡t ♦♥ t❤❡ ✜r♠s✬ s❛❧❡s✳ ◆❛t✉r❛❧❧② t❤✐s
♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ①̄ ❛♥❞ ❛
♠❛①✐♠✉♠✲❝♦♥❝❡♥tr❛t✐♦♥ ♣♦✐♥t ✐♥ ✇❤✐❝❤ t❤❡ t♦t❛❧ ✈♦❧✲
✉♠❡ ♦❢ t❤❡ ♠❛r❦❡t ✐s t❤♦✉❣❤t ❛s ❛tt❛❝❤❡❞ t♦ ❛ s✐♥❣❧❡
✜r♠✱ t❤❡ ♦t❤❡rs ❤❛✈✐♥❣ ❛♥ ♦✉t♣✉t ❡q✉❛❧ t♦ ③❡r♦✱ s❛② ①✯
✭t❤✐s ✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥✲♠❛①✐♠✐③✐♥❣ ❞✐str✐❜✉t✐♦♥✮ ❬s❡❡
❆♣♣❡♥❞✐① ✭❛✮❪✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡✿
max
①
































❆ ✜rst ✐♠♠❡❞✐❛t❡ r❡♠❛r❦ ✐s t❤❛t τ = σX/σX∗✱
♥❛♠❡❧② t❤❡ r❛t✐♦ ♦❢ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s✱ t❤❡ ♦♥❡ ♦❢
t❤❡ ❛❝t✉❛❧ ❞✐str✐❜✉t✐♦♥ t♦ t❤❛t ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥✲
♠❛①✐♠✐③✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ X✳ ▼♦r❡♦✈❡r ✇❡ s❡❡ t❤❛t
τ ∈ [0, 1]✿ ✐❢ τ = 0✱ ✐t ♠❡❛♥s t❤❛t ① ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡
❡q✉✐❞✐str✐❜✉t✐♦♥ ♣♦✐♥t✱ ✇❤❡r❡ ❜② ❞❡✜♥✐t✐♦♥ t❤❡ ❞❡❣r❡❡ ♦❢
❝♦♥❝❡♥tr❛t✐♦♥ ✐s ♥✉❧❧❀ ✐❢ τ = 1✱ ① ❝♦✐♥❝✐❞❡s ✇✐t❤ ♦♥❡ ♦❢
t❤❡ ♠❛①✲❝♦♥❝❡♥tr❛t✐♦♥ ♣♦✐♥ts❀ ❛♥❞✱ ✜♥❛❧❧②✱ ✐❢ 0 < τ < 1✱
t❤❡ ❡♠♣✐r✐❝❛❧ ♣♦✐♥t ① ❧✐❡s ✐♥ t❤❡ s♣❛❝❡ Rn+ ✐♥ ❛♥ ✐♥t❡r✲
♠❡❞✐❛t❡ ♣♦s✐t✐♦♥✱ ❛♥❞ ♠♦r❡ ❡①❛❝t❧② ❛t ❛ ❞✐st❛♥❝❡ ❢r♦♠
①̄ ❡q✉❛❧ t♦ t❤❡ ❢r❛❝t✐♦♥ τ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♦❜s❡r✈❛❜❧❡
❞✐st❛♥❝❡ ✭✷✮✿ t❤❡ ❝❧♦s❡r t♦ ✭r❡s♣✳ ❢❛rt❤❡r ❢r♦♠✮ ①̄ t❤❡ ❛❝✲
t✉❛❧ ♣♦✐♥t ✐s✱ t❤❡ ♠♦r❡ τ t❡♥❞s t♦ ✵ ✭r❡s♣✳ t♦ ✶✮✱ t❤❡r❡❜②
♣r♦✈✐❞✐♥❣ ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❞❡❣r❡❡ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ X✳
❆ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❍❡r✜♥❞❛❤❧ ✐♥❞❡①
❚❤❡ ♠❡tr✐❝ ✐♥❞❡① τ ❤❛s t✇♦ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s✿ ✜rst✱ ✐t ✐s
✈❡r② ❡❛s② t♦ ❝♦♠♣✉t❡✱ ❛♥❞✱ s❡❝♦♥❞✱ ✐t ❤❛s ❛ ❝❧❡❛r ❣❡♦♠❡t✲
r✐❝✱ ✐♥t✉✐t✐✈❡ ♠❡❛♥✐♥❣✳ ❍♦✇❡✈❡r✱ ✐♥ s♣✐t❡ ♦❢ t❤❡s❡ ❛❞✈❛♥✲
t❛❣❡s✱ t❤✐s ✐♥❞❡① ♠✐❣❤t ♥♦t ❜❡ ❝♦♠♣❧❡t❡❧② s❛t✐s❢❛❝t♦r②
❡s♣❡❝✐❛❧❧② ❛s r❡❣❛r❞s t❤❡ ❛♥❛❧②s✐s ♦❢ ✐♥❞✉str✐❛❧ ❝♦♥❝❡♥✲
tr❛t✐♦♥ ♣❤❡♥♦♠❡♥❛✱ ❜❡❝❛✉s❡ ✐t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧②
t❤❡ ❛s♣❡❝t ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ ✜r♠s✱ ♥♦t
❜❡✐♥❣ ❛✛❡❝t❡❞ ❜② t❤❡✐r ♥✉♠❜❡r✱ ✐♥ t❤❡ s❛♠❡ s❡♥s❡ t❤❛t ✐t
❝♦✉❧❞ ❜❡ s❛✐❞ ❛❜♦✉t ♦t❤❡r ❝♦♥❝❡♥tr❛t✐♦♥ r❛t✐♦s✱ ❧✐❦❡ t❤❡
●✐♥✐ ✐♥❞❡① ❢♦r ✐♥st❛♥❝❡✳ ▼♦r❡ ❡①❛❝t❧②✱ ❛♥② ❞✐str✐❜✉t✐♦♥
♦❢ X ✇✐t❤ n ❡q✉❛❧✲s✐③❡❞ ✜r♠s ❛❧✇❛②s ❝♦rr❡s♣♦♥❞s t♦ ♥✉❧❧
❝♦♥❝❡♥tr❛t✐♦♥ ❢♦r τ ✱ ❛♥❞ s♦ τ = 0 ❢♦r ❛♥② ♠❛r❦❡t ✇✐t❤ ✷
♦r ✷✵✵ ♦r ✷✵✱✵✵✵ ✐❞❡♥t✐❝❛❧ ✜r♠s✳ ■t ✐s q✉✐t❡ ❡✈✐❞❡♥t t❤❛t
t❤✐s ✐s ❛ ❝r✉❝✐❛❧ ✐ss✉❡ ❢r♦♠ t❤❡ ❡❝♦♥♦♠✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱
❜❡❝❛✉s❡ ✐t ✐s ♥♦t ❛❝❝❡♣t❛❜❧❡ t❤❛t ❛♥ ✐♥❞✉str② ❝♦✉❧❞ ❜❡
❡①❛♠✐♥❡❞ ✇✐t❤ r❡❢❡r❡♥❝❡ t♦ t❤❡ ❢❡❛t✉r❡s ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥
r❡❣❛r❞❧❡ss ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s
❤❛s r❡❧❡✈❛♥t ❡✛❡❝ts ♦♥ t❤❡ ✜r♠s✬ ❜❡❤❛✈✐♦✉r ✐ts❡❧❢✱ ♦♥ t❤❡
❞❡❣r❡❡ ♦❢ ❝♦♠♣❡t✐t✐♦♥✱ ✐♥ s❤♦rt ♦♥ t❤❡ ♠❛r❦❡t ❝♦♥❞✐t✐♦♥s❀
✐♥ ❢❛❝t✱ ✐t ✐s ✈❡r② ❤❛r❞ t♦ t❤✐♥❦ t❤❛t ❛ ♠❛r❦❡t ✇✐t❤ t✇♦
✜r♠s ♦♥❧② ✐s t❤❡ s❛♠❡ t❤❛t ♦♥❡ ✇✐t❤ t❡♥s ♦r ❤✉♥❞r❡❞s
♦r ♠♦r❡✳ ❋♦r t❤✐s r❡❛s♦♥ ❛ ❣♦♦❞ ✐♥❞❡① ♦❢ ✐♥❞✉str✐❛❧ ❝♦♥✲
❝❡♥tr❛t✐♦♥ s❤♦✉❧❞ ❜❡ ❛❜❧❡ t♦ ❡♠❜❡❞ ❜♦t❤ ♦❢ t❤❡ ♠❛✐♥
❛s♣❡❝ts r❡❧❛t❡❞ t♦ ✭❛✮ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ ✐♥❡q✉❛❧✐t② ❛❝r♦ss
✜r♠s ❛♥❞ ✭❜✮ t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s ✇✐t❤✐♥ t❤❡ ✐♥❞✉str②✱
❛❝❝♦r❞✐♥❣ t♦ ❛ ✇✐❞❡r ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥✳
❖♥❡ ♦❢ t❤❡ ♠♦st ❝♦♠♠♦♥ ✐♥❞✐❝❡s ❤♦❧❞✐♥❣ s✉❝❤ ❛ ❣♦♦❞













xi✳ ❲❤✐❧❡ t❤❡ ♠❛①✐♠✉♠ ♦❢ H ✐s ❛❣❛✐♥ ✶✱
✐♥ ❝❛s❡ ♦❢ ❡q✉✐❞✐str✐❜✉t✐♦♥ ✇❡ ❤❛✈❡ si = 1/n ❢♦r ❛❧❧ i✬s✱
❛♥❞ H = 1/n✱ ✇❤✐❝❤ ✐s t❤❡r❡❢♦r❡ t❤❡ ♠✐♥✐♠✉♠ ♦❢ H✳ ■t
❢♦❧❧♦✇s t❤❛t t❤❡ ❍❡r✜♥❞❛❤❧ ✐♥❞❡① ❛❧❧♦✇s t♦ ❞✐st✐♥❣✉✐s❤
❛♠♦♥❣ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥✉♠❜❡r ♦❢
t❤❡ ✜r♠s ✐♥ t❤❡ ♠❛r❦❡t✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t H ✐♥❝r❡❛s❡s ❛s
n ❞❡❝r❡❛s❡s ✭❛s ✐♥❞❡❡❞ ✇❡ ❡①♣❡❝t ❢r♦♠ ❛♥ ❡❝♦♥♦♠✐❝ ♣♦✐♥t
♦❢ ✈✐❡✇✮✳ ❚❤✉s ✐t ✐s ✉s✉❛❧❧② s❛✐❞ t❤❛t t❤❡ ❍❡r✜♥❞❛❤❧ ✐♥✲
❞❡① ✐s ❛❜❧❡ t♦ ❝❛♣t✉r❡ t❤❡ ❡✛❡❝t ♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ ❜② s✐❞❡
♥♦t ♦♥❧② ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛❜✐❧✐t② ♦❢ ✜r♠s ❜✉t ❛❧s♦
♦❢ t❤❡✐r ♥✉♠❜❡r✳ ❖✉r ♣✉r♣♦s❡ ✐s t♦ ✐s♦❧❛t❡ ❝❧❡❛r❧② t❤❡s❡
t✇♦ ❡✛❡❝ts ❬s❡❡ ❆♣♣❡♥❞✐① ✭❜✮❪✳
■♥ t❤✐s r❡❣❛r❞✱ ✜rst ♦❢ ❛❧❧ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❡①♣r❡ss





2 ❜♦t❤ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢
t❤❡ r❛t✐♦ ✉♥❞❡r t❤❡ sq✉❛r❡ r♦♦t ✐♥ ✭✸✮ ✭t❤❛t ✐♥ t✉r♥ ✐s t❤❡
s❛♠❡ ❛s ❝♦♥s✐❞❡r✐♥❣ si✬s ✐♥ ♣❧❛❝❡ ♦❢ xi✬s✱ ♠❡❛♥✐♥❣ t❤❛t
















✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✇❤♦s❡ ❧✐♠✐t ✐s√










τ ′2 τ ′′2











❋✐❣✉r❡ ✶✳ ❆♥ ❍ ✲✐♥❞❡① ❞❡❝♦♠♣♦s✐t✐♦♥✿ ❢♦r
❡❛❝❤ ❧❡✈❡❧ ♦❢ H ✭❡✳❣✳ H ′ ♦r H ′′ ♦♥ t❤❡ ❤♦r✐③♦♥✲
t❛❧ ❛①✐s✮ ❛♥❞ ♦❢ τ ✭❡✳❣✳ τ ′ ♦r τ ′′ ♦♥ t❤❡ ✈❡rt✐❝❛❧
❛①✐s✮✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H ✐♥t♦ Ei ❛♥❞ En✱
r❡s♣❡❝t✐✈❡❧② t❤❡ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ n ❡✛❡❝ts ♦♥
t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥✳
■♥ ❋✐❣✉r❡ ✶ ❡①♣r❡ss✐♦♥ ✭✺✮ ✐s ❞❡♣✐❝t❡❞ t♦❣❡t❤❡r ✇✐t❤√
H ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✇❡ ❝❛♥ ✈✐s✉❛❧✐③❡ t❤❡ ❤♦r✐③♦♥t❛❧
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝✉r✈❡s✳ ❚❤❡ ♣♦✐♥t ✐s t❤❛t t❤✐s
❞✐st❛♥❝❡ r❡✢❡❝ts t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t✇♦ ♠❛r❦❡t ❝♦♥✲
❞✐t✐♦♥s✿ ♦♥❡ ❜❡✐♥❣ ❛ ❧✐♠✐t ❝❛s❡ ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢
✜r♠s ✖ ♦♥ t❤❡ ❝✉r✈❡
√
H t❛❦❡♥ ❛s ❛ t❡r♠ ♦❢ ❝♦♠♣❛r✐s♦♥
✖✱ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ✇✐t❤ t❤❡ ❛❝t✉❛❧ ✭✜♥✐t❡✮ ♥✉♠❜❡r
♦❢ ✜r♠s✱ ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ t❤❡ s❛♠❡ ❞❡❣r❡❡ ♦❢ ♠❡tr✐❝
❝♦♥❝❡♥tr❛t✐♦♥ τ ✱ ✇❤✐❝❤ ✖ ❛s s❛✐❞ ✖ ✐s ❛ ♠❡❛s✉r❡✱ ❤❡r❡
t❤♦✉❣❤t ❛s ✜①❡❞✱ ♦❢ t❤❡ ✭r❡❧❛t✐✈❡✮ ❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛♥❝❡✳
✷
❍❡♥❝❡✱ t❤✐s ❞✐st❛♥❝❡ ✖ ✇❤✐❝❤ ♥❛t✉r❛❧❧② ✈❛r✐❡s ❛s✱ ❛♥❞
s♦❧❡❧② ❛s✱ n ✈❛r✐❡s ✖ ❝❛♥ ❜❡ ❛ss✉♠❡❞ ❛s ❛ ♠❡❛s✉r❡ ♦❢
t❤❡ ♣✉r❡ n✲❡✛❡❝t ♦♥ t❤❡ ❍❡r✜♥❞❛❤❧ ✐♥❞❡①✱ t❤❡ ❝♦♠♣❧❡✲
♠❡♥t ❜❡✐♥❣ r❡❧❛t❡❞ t♦ t❤❡ r❡♠❛✐♥✐♥❣ ❞❡t❡r♠✐♥❛♥t t❤❛t
✇❡ ❝❛♥ ❝❛❧❧ ✐♥❡q✉❛❧✐t② ❡✛❡❝t✳ ◆♦t✐❝❡ t❤❛t✱ ❛s ✇❛♥t❡❞✱
t❤❡ n✲❡✛❡❝t ♦♥ H ✐s ✉♥❛♠❜✐❣✉♦✉s✿ ❛s n ✐♥❝r❡❛s❡s✱ H
❝❡rt❛✐♥❧② ❞❡❝r❡❛s❡s ❢♦r ❡❛❝❤ ❧❡✈❡❧ ♦❢ τ ✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛ H
❝❡rt❛✐♥❧② r✐s❡s ❛s n ❢❛❧❧s✳
❙♦♠❡ ❞❡✈❡❧♦♣♠❡♥ts ❛♥❞ r❡♠❛r❦s✿
❆✮ ❢♦r ❛♥② n > 1 t❤❡r❡ ❡①✐sts ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥✲
❞❡♥❝❡ ❜❡t✇❡❡♥ H ❛♥❞ τ ✳ ❋♦r ❛♥② n ❛♥❞ ❢♦r ❡❛❝❤ ❧❡✈❡❧
♦❢ H ✭♦r✱ t❤❛t ✐s t❤❡ s❛♠❡✱ ❢♦r ❡❛❝❤ ❧❡✈❡❧ ♦❢ τ✮✱ H ❝❛♥
❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t✇♦ ♣❛rts✿ t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ ✐♥✲
❡q✉❛❧✐t② ❡✛❡❝t ✭Ei✮ ❛♥❞ t❤❡ n✲❡✛❡❝t ✭En✮✳ ❙❡❡ ❋✐❣✉r❡ ✶

















❇✮ ▼♦r❡♦✈❡r✱ ❜② ✈✐rt✉❡ ♦❢ ✭✺✮✱ ✇❡ ❤❛✈❡✿
H =
(n− 1) τ2 + 1
n
✭✽✮
s♦ t❤❛t t❤❡ ✭✜rst✲♦r❞❡r✮ ❞✐✛❡r❡♥❝❡s ♦❢ H ✇✐t❤ r❡s♣❡❝t t♦





✇❤✐❝❤ ❡①♣r❡ss❡s t❤❡ ❢❛❝t t❤❛t✱ ❣✐✈❡♥ ✇❤❛t❡✈❡r τ ✱ t❤❡r❡
❡①✐sts ❛♥ ✐♥✈❡rs❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ H ❛♥❞ n ✭❛♥❞ ❤❡♥❝❡
❜❡t✇❡❡♥ En ❛♥❞ n✮✳
❈✮ ❚❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ ♣♦✐♥t ✐s t❤❡ ♦♥❡ ✇❤✐❝❤
♠❛✐♥❧② ❡♠❡r❣❡s ❥✉st ❢r♦♠ ❧♦♦❦✐♥❣ ❛t ❋✐❣✉r❡ ✶✿ ❛s ✇❡ ♣❛ss
❢r♦♠ ♠✐♥✐♠✉♠ ❧❡✈❡❧s ♦❢ ❞✐♠❡♥s✐♦♥❛❧ ✐♥❡q✉❛❧✐t②✱ ♠❡❛✲
s✉r❡❞ ❜② τ ✭♦r Ei✮✱ t♦ ❤✐❣❤❡r ♦♥❡s✱ t❤❡ ❡✛❡❝t ♦❢ t❤❡
♥✉♠❜❡r ♦❢ ✜r♠s ❞❡❝r❡❛s❡s❀ ✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ✜r♠s✬
❝r♦✇❞✐♥❣ ♦♥ t❤❡ ♠❛r❦❡t ✐s ❜♦✉♥❞ t♦ ❤❛✈❡ ❛ ❞❡❝r❡❛s✐♥❣✲✐♥✲
✐♠♣♦rt❛♥❝❡ r♦❧❡ ✐♥ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢H ❛s t❤❡ ♣❧❛②❡rs✬
✐♥❡q✉❛❧✐t② r❛✐s❡s✳ ❆♥❞ t❤✐s s❡❡♠s t♦ ❜❡ r❡❛s♦♥❛❜❧❡✿ ✐♥ ❛
♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♦❢ τ t❤❡ ♠❛r❦❡t t❡♥❞s t♦
❛ ♠♦♥♦♣♦❧② ✇❤❛t❡✈❡r t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s ✭t❤✐♥❦ ❛❜♦✉t
t❤❡ s✉❜st❛♥t✐❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t✇♦ ✐♥❞✉str✐❡s ❜♦t❤ ❞♦♠✲
✐♥❛t❡❞ ❜② ♦♥❡ ✈❡r② ❜✐❣ ❝♦♠♣❛♥②✱ ❜✉t ✐♥ ❛ ❝❛s❡ ✢❛♥❦❡❞
❜② ❥✉st ♦♥❡ ✈❡r② s♠❛❧❧ ✜r♠ ❛♥❞✱ ✐♥ t❤❡ ♦t❤❡r✱ ❜② ❛ ❧❛r❣❡
♥✉♠❜❡r ♦❢ ❧✐tt❧❡ ❝♦✲♣❧❛②❡rs✮❀ ♦♥ t❤❡ ♦t❤❡r s✐❞❡✱ ✐♥ ❛ ♥❡✐❣❤✲
❜♦✉r❤♦♦❞ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ♦❢ τ ✱ ✇❤❡r❡ ♣❧❛②❡rs ❛r❡ ❛❧❧
❢❛✐r❧② ❝♦♠♣❛r❛❜❧❡✱ t❤❡✐r ♥✉♠❜❡r ✐s r❛t❤❡r ❝r✉❝✐❛❧ ✐♥ ❞✐s✲
❝r✐♠✐♥❛t✐♥❣ ❡✈❡♥ ✈❡r② ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s✿ ❛ ♠❛r❦❡t ✇✐t❤
❢❡✇ q✉✐t❡ ❡q✉❛❧ ✜r♠s ✭❂ ❞✉♦♣♦❧②✱ ♦❧✐❣♦♣♦❧②✮ ❛♥❞ t❤❛t
♦♥❡ ✇✐t❤ ❛ ❣r❡❛t ♠❛♥② ✜r♠s ✭❂ ❝♦♠♣❡t✐t✐✈❡ ♠❛r❦❡t✮✳
■♥ ♣❛rt✐❝✉❧❛r✿
✐❢ τ = 1 ⇒ H = Ei ❛♥❞ En = 0
✐❢ τ = 0 ⇒ H = En ❛♥❞ Ei = 0
❆s ❛ ❧❛st r❡♠❛r❦ ✇❡ ♠✉st ♥♦t❡ t❤❛t s♦♠❡t✐♠❡s✱ ✐♥
s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s✱ ♥♦r♠❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ❍❡r✜♥❞❛❤❧ ✐♥✲
❞❡① ❛r❡ ✉s❡❞ ❢♦r t❤❡ ❝❧❛✐♠❡❞ ♣✉r♣♦s❡ t♦ ♠❛❦❡ ♠❛r❦❡ts
✇✐t❤ ❞✐✛❡r❡♥t n ❝♦♠♣❛r❛❜❧❡ ❛♥❞ ❤❡♥❝❡ t♦ ♥❡✉tr❛❧✐③❡ t❤❡
n✲❡✛❡❝t✳ ■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ ❝♦♥❝❧✉❞❡ t❤❛t t❤✐s ✐s ✐♥
♣r✐♥❝✐♣❧❡ ✐♥❝♦rr❡❝t✱ ❜❡❝❛✉s❡✱ ❢♦r ❛❧❧ s❛✐❞ t❤✉s ❢❛r✱ t❤❡ ❞✐s✲
t✐♥❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ H ✐s ♣r❡❝✐s❡❧② t♦ ❝❛t❝❤ t❤❛t ❡✛❡❝t✳
■♥❞❡❡❞ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧✐③❛t✐♦♥✱ ❢♦r
❡①❛♠♣❧❡✱ ♦❜t❛✐♥❡❞ ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ r❛t✐♦ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ r❛♥❣❡ ♦❢ ✈❛r✐❛t✐♦♥✱ ✐✳❡✳✿
H − 1/n
1− 1/n
❝♦rr❡s♣♦♥❞s ❡①❛❝t❧② t♦ Ei ✇❡ ❞❡r✐✈❡❞ ❛❜♦✈❡ ❛t ✭✻✮✱ ✇❤✐❝❤
❞✐s❝❧♦s❡s t❤❡ r❡❛❧ ♠❡❛♥✐♥❣ ♦❢ t❤✐s ❦✐♥❞ ♦❢ ♦♣❡r❛t✐♦♥✳ ❚❤❡
r❡s✉❧t ✐s t❤❡r❡❢♦r❡ ❛♥❞ s✐♠♣❧② t♦ r❡❞✉❝❡ t❤❡ ✐♥❞❡① t♦ ❥✉st
♦♥❡ ❝♦♠♣♦♥❡♥t ♦❢ t✇♦✱ ✇✐t❤ ❝♦♥s❡q✉❡♥t r❡♠❛r❦❛❜❧❡ ❧♦ss
♦❢ ✐♥❢♦r♠❛t✐♦♥ ✭✉♥❧❡ss✱ ♦❜✈✐♦✉s❧②✱ En ✐s ✉♥✐♠♣♦rt❛♥t✮✳
❖♥ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ H✱ s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ r❡❝❡♥t
✇♦r❦ ♦❢ ❈r❛❝❛✉ ❛♥❞ ▲✐♠❛ ✭✷✵✶✻✮✳
❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❡①❛♠♣❧❡s
■❢ st✉❞②✐♥❣ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❜✉s✐♥❡ss ✐♥ ❛ ❝❡rt❛✐♥
♠❛r❦❡t ❛t ❛ ❣✐✈❡♥ ♣♦✐♥t ✐♥ t✐♠❡ ♦✉r ❛✐♠ ✐s t♦ ❛♥s✇❡r
q✉❡st✐♦♥s ❧✐❦❡✿ ✧❍♦✇ ♠✉❝❤ ♦❢ ✐t ✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝✲
t♦r α r❛t❤❡r t❤❛♥ t❤❡ ❢❛❝t♦r β❄✧✱ ✇❡ ♥❡❡❞ t♦ ♣❛rt✐t✐♦♥
t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ✐♥t♦ ♠❡❛s✉r❡ ♦❢ α ✰
♠❡❛s✉r❡ ♦❢ β✱ ❜♦t❤ ♣♦s✐t✐✈❡✳ ❍❡r❡✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ♦✉r ✐♥✲
t❡♥t✐♦♥ ❤❛s ❜❡❡♥ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ❍❡r✜♥❞❛❤❧ ✐♥❞❡① ♦❢
❝♦♥❝❡♥tr❛t✐♦♥ ✭H✮ ✐♥t♦ t✇♦ ♠❛✐♥ ❝♦♠♣♦♥❡♥ts✱ ♦♥❡ ✭Ei✮
❡①♣r❡ss✐♥❣ t❤❡ ✭sq✉❛r❡❞✮ r❡❧❛t✐✈❡ ❞✐st❛♥❝❡ ♦❢ t❤❡ ❛❝t✉❛❧
st❛t❡ ♦❢ t❤❡ ♠❛r❦❡t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐❞❡❛❧ ❡q✉✐❞✐str✐✲
❜✉t✐♦♥ st❛t❡ ✭s❛♠❡ ♥✉♠❜❡r ♦❢ ✜r♠s✱ s❛♠❡ ✈♦❧✉♠❡ ♦❢ t❤❡
♠❛r❦❡t✱ ❜✉t ❡q✉✐❞✐str✐❜✉t❡❞✮✱ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ✭En✮✱ ❛
s♦rt ♦❢ ❞✐st❛♥❝❡ ❢r♦♠ t❤❛t ♦t❤❡r ✐❞❡❛❧ st❛t❡ ♦❢ t❤❡ ♠❛r✲
❦❡t ✐♥ ✇❤✐❝❤ t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s t❡♥❞s t♦ ✐♥✜♥✐t② ✇✐t❤
t❤❡ s❛♠❡ ✭r❡❧❛t✐✈❡✮ ❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❛❝t✉❛❧
♠❛r❦❡t✳
❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ❤❡♥❝❡ ❛❧❧♦✇s t♦ ❣❡t ♣r❡❝✐s❡ ♠❡❛✲
s✉r❡ ♦❢ s✐t✉❛t✐♦♥s ❛s ❢♦❧❧♦✇s✿ ❧❡t n = 100 ❛♥❞ ❝♦♥s✐❞❡r
∑
i
xi = 1000 ❞✐str✐❜✉t❡❞ ❛t ✻✵✪ ✇✐t❤✐♥ t❤❡ ✹✵✪✲t♦♣
✉♥✐ts ✭❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② s✉♣♣♦s❡ ✉♥✐❢♦r♠❡❧②✱ ✐♥
❛♥❞ ♦✉t ♦❢ t❤✐s ✹✵✪ r❛♥❣❡✮❀ t❤❡♥ ✇❡ ♦❜t❛✐♥✿
H τ Ei En
0.01167 ✵✳✵✹✶✵✸ 0.00168 0.00998
(100%) (14.4%) (85.6%)
◆♦✇ ❧❡t n = 50 ❛♥❞ t❤❡ s❛♠❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ♠❛r❦❡t ❛t
✽✵✪ ✇✐t❤✐♥ t❤❡ ✷✵✪✲t♦♣ ✉♥✐ts✿
H τ Ei En
0.06500 ✵✳✷✶✹✷✾ 0.04592 0.01908
(100%) (70.6%) (29.4%)
✸
✇❤❡r❡ ✇❡ s❡❡ ❜♦t❤ ❝♦♠♣♦♥❡♥ts ✐♥❝r❡❛s❡❞✱ ❡❛s② t♦ ❣✉❡ss
❛❧s♦ ✇✐t❤♦✉t ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❜✉t ✇✐t❤ ❛♥ ✐♥✈❡rs✐♦♥ ✐♥
✇❡✐❣❤ts✱ ❧❡ss ❡❛s② t♦ ❛s❝❡rt❛✐♥ ✇✐t❤♦✉t ❞❡❝♦♠♣♦s✐t✐♦♥✳
❆♣♣❡♥❞✐①










xi ≥ 0✱ ❛♥❞ s♦ (2) ≥ (1)✳
✭❜✮ ❙♦♠❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ H ✐♥ t❡r♠s ♦❢ ♠❛✐♥ ❞❡t❡r✲
♠✐♥❛♥ts ❛r❡ ✇❡❧❧ ❦♥♦✇♥✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❍❛② ❛♥❞
▼♦rr✐s ✭✶✾✽✹✱ ♣✳ ✶✹✷✮✿
H = nσ2 +
1
n
✇❤❡r❡ σ ✐s t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ♠❛r❦❡t s❤❛r❡s✱
❜✉t ✐♥ t❤✐s ❡s♣r❡ss✐♦♥ H ✐s ❧❛❝❦✐♥❣ ♦❢ ❛ ❝❧❡❛r ♦♥❡✲





✇❤❡r❡ c ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥✱ t❤❛t ✐s t❤❡ r❛✲
t✐♦ ♦❢ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ xi✬s t♦ x̄✱ ✇❤✐❝❤ ✐♥
❢❛❝t r❡♠❡❞✐❡s t♦ t❤❡ ♣r❡✈✐♦✉s ✐♥❝♦♥✈❡♥✐❡♥❝❡✱ ❜✉t ✐t
s❡❡♠s t♦ ❜❡ ♥♦t s✉✐t❛❜❧❡ ❢♦r ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H
✐♥t♦ s❡♣❛r❛t❡ ♣✉r❡ ♣♦s✐t✐✈❡ ❛❞❞✐t✐✈❡ ❝♦♠♣♦♥❡♥ts✳
✭❝✮ Pr❡❝✐s❡❧② ✇❡ ❝❛♥ t❤✐♥❦ ♦❢ ✭✺✮ ❛s τn : [1/n, 1] → [0, 1]
❢✉♥❝t✐♦♥s ♦❢ H✱ ❡①t❡♥❞❛❜❧❡ t♦ τ̃n : [0, 1] → [0, 1]
❢✉♥❝t✐♦♥s ♦❢ t ❛s ❢♦❧❧♦✇s✿
τ̃n(t) =
{
0 ✐❢ 0 ≤ t < 1/n
τn(t) ♦t❤❡r✇✐s❡
♦r s✐♠♣❧② s❡❡ ❜❡❧♦✇ ✭✽✮ ❛♥❞ ♥♦t✐❝❡ t❤❛t ✐t ❝♦♥✈❡r❣❡s
t♦ τ2✱ τ ∈ [0, 1]✱ ❛s n → +∞✳
✭❞✮ ■❢ ✇❛♥t❡❞✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ❋✐❣✉r❡ ✶ ✐♥ t❤❡
✭H✱τ✮✲♣❧❛♥❡ ❝❛♥ ❛❧s♦ ❜❡ s❤♦✇♥ ♦♥ ❛ sq✉❛r❡❞ s❝❛❧❡✱
t❤❛t ✐s ✐♥ t❤❡ ✭H✱τ2✮✲♣❧❛♥❡✿ t❤❡ t✇♦ ❝✉r✈❡s ❞❡✲
♣✐❝t❡❞ ✐♥ t❤❡ sq✉❛r❡ [0, 1]2 ✇✐❧❧ t✉r♥ ♦✉t t♦ ❜❡ ❧✐♥✲
❡❛r✱ ❜✉t ♥❛t✉r❛❧❧② ♥♦ ❝❤❛♥❣❡s ✐♥ t❤❡ ❛r❣✉♠❡♥ts s♦
❢❛r ❛♥❞ ❢♦r✇❛r❞✳
❘❡❢❡r❡♥❝❡s
❈r❛❝❛✉✱ ❉✳ ❛♥❞ ▲✐♠❛✱ ❏✳ ❊✳ ❉✳ ✭✷✵✶✻✮✱ ✧❖♥ t❤❡ ◆♦r♠❛❧✐③❡❞ ❍❡r✜♥❞❛❤❧✲❍✐rs❝❤♠❛♥ ■♥❞❡①✿ ❆ ❚❡❝❤♥✐❝❛❧ ◆♦t❡✧✱
■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦♥ ❋♦♦❞ ❙②st❡♠ ❉②♥❛♠✐❝s ✼ ✭✹✮✱ ✸✽✷✲✸✽✻✳
❞❡ ●✐♦✐❛✱ ●✳ ✭✷✵✵✵✮✱ ✧▼❡❛s✉r❡s ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ ♣r♦❜❛❜✐❧✐t②✳ ❆ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❍❡r✜♥❞❛❤❧ ✐♥❞❡①
✇✐t❤ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ■t❛❧✐❛♥ ❞❛t❛✧✱ ❘❡s❡❛r❝❤ r❡♣♦rt ❛t ▼❛st❡r ✐♥ ❊❝♦♥♦♠✐❝s✕❈♦r✐♣❡ P✐❡♠♦♥t❡✱ ▼♦♥❝❛❧✐❡r✐
✭❚✉r✐♥✮❀ ✉♥♣✉❜❧✐s❤❡❞✳
❍❛②✱ ❉✳ ❆✳ ❛♥❞ ▼♦rr✐s✱ ❉✳ ❏✳ ✭✶✾✽✹✮✱ ❊❝♦♥♦♠✐❛ ✐♥❞✉str✐❛❧❡✳ ❚❡♦r✐❛ ❡ ✈❡r✐✜❝❤❡ ❡♠♣✐r✐❝❤❡✱ ■❧ ▼✉❧✐♥♦✱ ❇♦❧♦❣♥❛✳
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